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BEOHGAEE 0.049 0.156™ 0.093*
2 I1FAA 0.251% 0.164* 0.086™
7HA 0.022 -0.025* -0.006
A (A -0.108 -0.008 0.023
o7 (20t 0.371* 0.299** 0.114
A 3od) 0.373* 0.274* 0.111
&5 (40th) 0.472% 0.210** 0.121
A7 s0) 0.171 0.115 0.067
A7 (60tH) 0.059 0.054 0,030
ERS1 0.129 -0.096 -0.213*
Z5hm 0,182 -0.125¢ -0.120*
Q R8T 0,518 -0.041 -0,059**
-~ AR 0.535* 20,008 0.019
st (4 A 0.513* 0.025 0.035
A8 4
e -0.098 0,042 -0.004
ool 9 oAE A 0.049 0.069* -0.019
A 0.169 0.098"" 0.049*
HESAA 0.167 0.175™ 0.074*
0| 0.319* 0.013 0,060
el % 0.113 -0.081 -0.013
AL 0.180 0.019 -0.136

() 106(5%) -9l A A gho] 0olet ARIHE 712tehE ke,

A, A S AT 2, AEA ST P 20104 el 7HEE7} S50
o o1l A9 B BAHOR G5 RAAMILEFS A A =),
2011301 60t ol AR, 20120l G0Th et FARE-2] soehto] folskA] ebA Lk

Bhetth ol AALES YA 3t



BN =azge mera Mis

(H 6) YSZSAM H|S0] CHEH Tobit 2| FHZATH2011H, 20121H)
e 20114 2012
HNASS | BME | IASE | HASE | SAME | IASS
s 4,505 | -2.584* | -2,016* | -2,707** | -3.876" | -1.366*
ZOAANAE 0,061 0.051 0.065* 0.012 0.272" -0.003
2 I1FAA 0.278* | 0.179* | 0.102* | 0.166* | 0.145* | 0.118*
e 0.020 -0.012 -0.014* -0.071 -0.041* -0.006
A (EA) -0.082 0.015 0.020 0.074 -0.047 0.017
Aot | 0383 | 0.121* | 0403* | 0433 | 0207 | 0.239*
A 3o 0.419% 0.187* 0.437* 0.469* 0.178% 0.309*"
Ag@od) | 0386 | 0171 | 0.423* | 0369* | 0.175" | 0.271*
AGGod) | 0.260% | 0.138" | 0.379* | 0.413* | 0,101 | 0.204"
A= 6ot 0.105 0.019 0.277* 0.034 0.060 0.170*
ERS 5 0.038 -0.136* | -0.113* | -0.216* | -0.154* | -0.079
Zgtm 0,104 -0.162% | -0,130* | -0.067 | -0.143* | -0.128*
7H sk 0.136 -0.061 0,014 -0.181 -0.048 | -0.056**
H AR 0.530% 0.058 0,034 0.173 -0.046 -0.052*
TlopstmEd )| 0,206 0.029 0.070* 0.132 -0.028 -0.008
AL 0,048 0.114* 0,004 -0.254* | 0,060* 0.039*
w ApEZ . . . . . .
%HE E 0.196* 0.165* 0.031 0.533" 0.201* -0.002
AA 0.165% 0.040 0,022 0.018 0.119* | 0.050™
A 0.306* | 0.240* | 0.071* 0.160 0.178* | 0.081*
u| e 0.335* 0.051 0.057 -0.179 -0.065 0.024
Sup 0.012 -0.053 -0.023 -0.149 -0.035 -0.052
AL 0.119 0.054 0.073 -0.282%* -0.039 0.014
T 10%05%) o) pEstoll A AlS= ghe] 0olgk= AR 7HAE 714%-E ek,
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A F7HA] 2010~20128 O] 7HAIFE-EA 2 AL AR E B-85to] 25415E A
ZEZY 7} ofBA WH=AE AHEIL, 74 FFEAAE TRl et
Arrow 79| =28 A5ASHEE FEste] ASsETh

A Arrow Mol BiE A4 A3 SRl S715HA 91 FgAHre] A

2

FHLoz A= F(E)7F 7S AdasAtel digt FAbveo] g
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£ 2717 20| T8 70 LR AR, TAEES AR TS A
S5 Ao 7 77| H = ko] YA Qltk(Perraudin and Serensen, 2000).
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Abstract

This paper examines how risky financial asset portfolios of
households by income classes have changed, using the cross-section data
of "Household Financial Survey" from 2010 to 2012, and also estimates
what determines the ratio function of risky assets relative to total
financial asset with the Arrow hypotheses and the regression function.
Empirical findings are as follows: first, the first Arrow hypothesis, in
which the absolute size of risky financial asset rises according as
holdings of total financial asset increases, is accepted by all income
classes. However, the second Arrow hypothesis, in which ratios of risky
financial assets to total financial asset decline according as holdings of
total financial asset increases, is rejected. These imply that households
tend to reduce the portion of risky financial asset to total financial asset
in order to reduce the loss from the investment in risky financial asset
when holdings of total financial asset decreases. Second, the high
income earners have stronger propensity to invest the risky financial
asset and its tendency gets bigger and bigger. Third, when it comes to
the lower income classes, as their wealth increases relative to the other
classes, the proportion to invest the risky financial asset rises stronger;
on the other hand, the high income tend to increase stably the ratios of
risky financial assets to total financial asset. This is similar to previous
studies. Fourth, we find that demographical variables, which are similar
to Perraudin and Sgrensen (2000), have the statistical significance and
did not derive consistent results.

% Key words: Risky Financial Asset Portion, Arrow Hypothesis, Income
Bracket, Household Financial Asset Portfolio
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The Bayesian Estimation on Korean Male Mortality

Rates Using Poisson Log-Bilinear Model and its
Application

= * k%
S T

Ji—-Yeon Hwang - Bangwon Ko

= g7 22 Zgn U= HOIXIR SAVI-E 0188l o= =49l HelMYES

sk, Hofx|eh gEollM ZItiEE HIREH Sdldsu SMUEHO| BN
SUUFE EM8H AoICh AlZHo] ZmpEoll et AYEO| JHMED Uz BHE
SEXMoR PG| ol TEXQ! Lee—Carter 2SS H2AeH HOKS 2I-0I5MH
DS 7RSI, Czado 2| 221(2005)011A HMRHE! HIO|XIRF HES MESI0] FeIMYES
AL FYLEE FEXIEL A0IE BMlV| 6 S0kt Eolff & IS ES
0|Zch X FYUYS HAol ZUE vluct FFZno c=H I
olet YAAMIES R0l =X Hel TSHe FILHE e YUAMLEL
LRTZIE DAEIIShE HE0| /s Az UEHHTE & AF0IM A2 H0|X|2t
SEYHES ol2feh =AMl et SsiZXMS MAIZ =2 ofet g EH=X|9|
= FESH 2E2E + US N2 7|thsith

22 AHOIOY: Lee-Carter 2, HIOIXIOH £ ZRIALIE, HOKs 22-0lEME 2
SIITIRIEH 5 IR0 TS 0030805

* A YRGAEFHF sk 8ARY (hjyn1203@ssu.ac. ko), A|1A R}
AfEtn YR FARHF T} 2 a4 (bko@ssu,ac k), WAL R}
B 2015, 05, 26, =2 ZE $AY: 2015, 10, 05, =1 AR AU 2016, 02, 15
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2 o]4
Aol maA o & tf-gohr] g St A7 X9 FolH, 1 FollA
o] 3

FAATEY ATelA A2 Y Pel AGET Uk AL LeeCarer B
(1992, |3 LCRB) o]k, LCRFE mApFo] Golshat, Tt et Ay BT
o T3t el $457] el B 24 wobgith, o) F LeR g BHo

2 A BAS oftt Hebdt fAF ICEF SV E Hol AlbEl=H, 1 5
A= 3ol 2 1-0]FAE K (Poisson log bilinear model)2 0] @8] AFEE&= W
& = Shyolt), Eold R 1-0)FAY BEHL Lol 3| (Poisson regression
mode) I} ICEF S A7 AL =® 7|E ICHFP o] T o= XA H expo] T4t
A BEAE 2317 Y8l Wilmoth(1993)2} Alho(2000)7F A|9F3}aL, Brouhns ] 241
2002)0] A7t A4 (Method of Maximum Likelihood Estimation, MLE)-2-
ol g3h %43t Aol

2 Yol A= olefat Slel AT whet 1R B AL ICRFS A8

1) 7}, I3 E JIE HHYSE Renshaw-Haberman X8 (2006), AF3] - AA|A 7 o] SAf
3 2R} 220 AbY g_r elo] SAFE AolEls 7FAHL HFY3E Li-lee R E(2005) 5
2 £ 4 9tk Caims €] 6120092 AHFELE 53 FAF ICEFYES I 879
AMYE 2ES vach

D) IR Folg 2 1ol FHY BHS ol 2x Y W] £ myS sk o
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FH, Lee and Carter(1992)0f| A 1545 vie} Zro] ICH -2 M= =429 QHY
3H 37| 8 53] 71 7IZHAH = 304 o] o] A RS AR S} =
7

G- A= R 2Ak2 = 198349 o] F5E AN AFEAL 7] e

©
2

X 8 sl fIgt AA O el A& Helrh whabA 7]
SRR I o2 wo]X|Qt S Bal 7129 FHAIE thA] FlE
Hi Ar o] gl dAver 3 4= ook B3, 2t EYjo] dAH B3] A7
<= 7H7 QHIFRS Phase2)> B FAF 7ol H 2N HrFst e s Qo= v},

3
=g
WOl X9t HS B8] WA AFABREES EEATH o F AL

3|(SVD: singular value decomposition) & Z|7FsE=E © *
o|Z HIF O 2 dSHSEE H|u ) 442 FeArT-EL] 7hAdo] 7|t o

I BYseld WHE AESH b VA GRS AR} H AT U

[rt
°T°,

(HPDI: highest posterior density interval)2 =38l 249011, nfA| o 2 5AS ks
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1. MEX LCEEI Z0ls 2I-0|3ME 2

Lee and Carter(1992)of| 4] A|QHe HF2 Q) LCHE &2 th-S3} o] Ad(x)3} Al

M aTE Adsto] FHArEES] ol e o= LA Jlolt,
lnmz t— O‘m+ﬂxkt+gm.t' (1)

A7) m, = t A= w9l AEe] FYAPT-E(central death rate)& UrERAT
ARtH o 8 FYALGES B, A% oAl B+t 15 4=0]aL, D, , 7t A% z Al
AR} 425 T & ) m, = D, ,/ B, , 2 AR B4 st
My = o0 7F ) W] (1)2] RS A}

=

Lee and Carter(1992) 0| A] A|¢t=] =AHIH L Eo]7) Bal|E o] &3] m4o] =4
A& T3 H, AAE BAS 283 ko et Bdl g B0 2HAE ok
Zloltt, Hr} ZpA|gE A2 vhg A 9] 391(2005), HAIS(2012) 5 =W =+

rsi‘
i)
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Albo(2000) = 23150 SEAM] 71 0] EAHE meksl] g8 thewt 2o =
obd R0 FHBmE S Akstalrh
D(

..+ ~ Poisson(&, ,m, ,) with Inm, ,= a, + 3, K, . ®)

R ERAT oS B H A AR EEE) o] Qurael SALE

pua =
IS o]-g3) = 2H= Ao HA| ¢}, whebA] Brouhns €] 2€1(2002)-2 LEMO]
= W3 dlolHEA AZEJOE ol8s H4E =AY o] AR
K, 2 $78-2 Newton-Raphson H'H-& Fall £xp8 08 o]Fojx|m, HF

2
(o]

2 LR S] Solgh HAlS o8 F Al ool W ol et 27hHel
e 3 E|A] ekt

1

2. H|O|X|Qt =k
7h ASH HojAet Ry =

Czado 2] 221(2005)°|A AQte AlF2 Ho]A|¢F X (hierarchical bayesian
model)& HjgFd oz (19 1)y} e L2E 7Rt HoAF AR Al
WO AP Op AFSEL o] T sl A = T ol A ARl
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E3F & W 4x(Hyperparameter) o] Tl Al v~ My, %), o,
223 p= F7E (1, Dol A A (runcated) N(0, 02) S wHETHTL 74 T
T BO) AP BERZ B~ N(0,051,) &(Th L& M=z, — 2p, + 1 A4
o] wholgd), 2mA 029 APHIEILE o Zuhinverse gamma)BE, =, o2 ~
Gammalag by) S 73Tt ES 24 aofl Y] e, = exp(a, )] TS FH3
=l ololl gt APARER e, ~ Gammala,, b, )5 ©]&FTt o] APHEE
O] 782 AP REY ALY HOE fl8f wlo] x|t oA &3] o] Fof A=
Zolct,

-

~ Gammala,,b, )3

o, AFRE

ol Aol A= =5 9] oA A (completeness)2 3l AFSEEQ} W 0] 2Z T}
A Ky By 0, OF WO 07 g ok AAISHAT Bt ARASE FrEAg-2>
Czado 2] 291(2005)& ZFaLsl7] vt

(1) k2 AZEZ
A 2k Dol A t A e AlATE SHEE v ol A oRit

Ky =k, s by ys ey )

t>,7D—t:(Dt.7'”7Dt—17Dt+17'”7D )’

tnax”

o714 ()& DAY E S bl F=oi7 ASA FR2RE kol taf o2

3) G’amma(a, ) oA at ZHEEO] FE|RSshape parameter) S, b= TR (scle parameter)
o] 942 Lrehic,
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ZF - 0]34(2014) 0] Z+Z} Brass-logit %8 (Brass, 1977)1} Gompertz H &8-S
o) AWREE AL LA AYER SR, B Qrels 2ae) B
o= {8l Fa%E - 0|34 (2014) S Wt Gompertz &2 A-8-3T}

Gompertz2] AFYH 2 (Gompertz law of mortality)
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S H A (cross sectional) R 5] AotE 1A AQ AVYE HF ot}

Gompertz &2 z A 2] A of tfj 3

= BC” (B>0,C>1) 4)

2 7hgelol, olul ale) Agael thal g, = 1—e”0 e 7} g o =
B DestANE T o]0 Abmof gt FHA At S5k wiee
HA P Zoke] 2T AT = FF A= AL

URFA © 2 Gompertz 23 0] 4= A RS Foll 4Tk Gompertz &
o A Aol A AR o] Al<(constant force of mortality) 2 7438 Q)

2] Pk oF Aol Ml 7P AX S 913 Al (@7 B4 Aol st
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15 -7.66896 -7.65489 -7.65493 -7.68246 -7.62679
20 -7.04718 -7.04238 -7.042 -7.06252 -7.02202
25 -6,77632 -6.77034 -6.77015 -6,78799 -6.75357
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35 -6.23146 -6.22841 -6.22837 -6.24106 -6.21533
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40 0.011628 0.011508 0.011513 0.011194 0.011799
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1986 46,9106 46.61656 46.63919 46,10974 47.13658
1987 45,1395 4489785 44,77286 44.27569 45,26122
1988 39.73693 39.80725 39.84634 39.33769 40.32109
1989 36.72456 36.76677 36.73082 36.25237 37.21619
1990 33.33951 33.32539 33.304 32.80934 33.77454
1991 29.89335 29.83457 29.75552 29.2575 30.25443
1992 24.21278 24.39479 2441646 23,90808 24,92969
1993 19.99477 19.96716 20.06768 19.49816 20.64808
1994 19.15861 19.24221 19.12761 18.57833 19.68626
1995 15.39774 15.34507 15.32248 14,81651 15.803
1996 11,20649 11,40524 11,36463 10.88971 11.86315
1997 6.712393 6.637769 6.654651 6.136031 7.143168
1998 3.079118 2.687913 2.632478 2.133724 3.106152
1999 -1.90052 -2.55829 -2.52431 -3.02162 -2.03906
2000 -5.94087 -6.51102 -6.58008 -7.09269 -6.03574
2001 -11.7269 -12.4396 -12.3744 -12,9018 -11.8453
2002 -16.0819 -16.7811 -16,7481 -17.248 -16.2391
2003 -20.1093 -20.5646 -20.5561 -21.0935 -20.0293
2004 -23.8867 24,5844 -24.6117 -25.154 -24,0691
2005 -29.0791 -29.7901 -29.7837 -30.3588 -29.2089
2006 -34.4569 -35.3524 -35.2593 -35.8501 34,6845
2007 -38.6211 -39.3328 -39.2847 -39.8368 -38.7542
2008 -42.0799 -42.7176 42,6876 -43.2167 42,1468
2009 -45.7079 -46,046 45,9859 -46.5756 -45,4026
2010 -47.6475 -48.1012 48,1568 48,7164 -47.5837
2011 -51,9286 52,4645 -52.3801 -52.9343 -51.7704
2012 -54.4785 -55.2105 -55.2521 -55.8145 -54.6745
2013 -59.147 -59.8479 -59.7954 -60.4113 -59.1804
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Abstract

In this paper, we intend to project the future Korean mortality rates,
and analyze the effect of mortality improvement on the life expectancies
and the actuarial present values of life insurances and life annuities.
Under the Poisson log-bilinear model, we estimate the parameters for
the Korean males by using the hierarchical Bayesian methodology
proposed by Czado et al. (2005). For comparison purpose, we provide
the estimation results based on the singular value decomposition and
the maximum likelihood estimation. Our results show that the parameter
estimates based on three different estimation methods do not exhibit a
large difference between each other, but the traditional estimation
methods underestimate the prediction interval. We expect that the
Bayesian estimation method not only can provide a solution to this
underestimation problem, but could be very useful to evaluate insurers’
liabilities in the future.

% Key words: Lee-Carter Model, Bayesian Estimation, Mortality Projection,
Poisson Log-bilinear Model
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A Study on the Valuation of Interest Rate Guarantees
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Abstract

If IFRS4 Phase II is adopted, various options and guarantees embedded
in insurance contracts should be valued in the light of policyholder
behavior. In this paper, the research on the valuation of interest rate
guarantees was performed focusing on guaranteed minimum interest
benefit(GMIB) and guaranteed minimum surrender benefit(GMSB) embedded
in interest sensitive whole life products with dynamic lapse rate models.

The research shows that higher guaranteed minimum interest rates for
GMIB and pricing interest rates for GMSB result in higher values of
GMIB and GMSB, respectively. When applying dynamic lapse rates,
GMIB and GMSB are lower than those with basic lapse rates. This is
due to the dynamic lapse assumption that lapse rates decrease when
guaranteed account value is greater than actual account value. If
dynamic lapse rates decrease, GMIB and GMSB decrease, since the
financial burden will be deferred to the future period. The sensitivity
analysis for crediting interest rates shows that lower crediting interest
rates result in higher values of GMIB and GMSB. In addition, lower
mortality rates lead to higher GMIB and GMSB.

The analysis results imply that GMIB and GMSB for the existing old
products with high guaranteed minimum interest rates and pricing
interest rates could be financially burdensome to insurers in a low

interest rate environment and under IFRS4 Phase II.

% Key words: International Financial Reporting Standards, IFRS4, interest
rate guarantee, dynamic lapse rate, Guaranteed Minimum
Interest Benefit, Guaranteed Minimum Surrender Benefit,
GMIB, GMSB
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In this article, we model and discuss determination of optimal minimum guaranteed
rate of return, as well as optimal investment and reinsurance strategies of universal
life insurance by minimizing both the investment risk and the risk of obtaining
guaranteed return, with the constraint of surplus larger than a prescribed constant.
We also discuss the application of dynamic programming in finding dynamic
solutions to these optimization problems. We analyse the affect of the change of the
risk—free interest rate, the age of insured, the cost of reinsurance, and mortality on
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I. Introduction

Universal life insurance is a very popular life insurance product in the U.S and other
countries as a whole because of its flexibility and providing the policyholder with
minimum guarantee return so as to decrease the risk taken by policyholders.
Currently, some insurance companies in China have begun to sell this product.
However, because interest rates in developed economies and also in developing
economies are so low, life insurance companies are concerned about the cost of those
guarantees,

An important thing is that the minimum guarantee implicitly represents short
positions in financial derivatives together with other elements of optimality such as
bonus distribution schemes and surrender possibilities and as such are liabilities which
constitute a potential hazard to company solvency(Mahayni and Schlogl, 2003). How
to determine the optimal guarantee return rate? If it is too high, it will increase the
insolvency risk of insurers, but if it is too low, it will reduce the policyholder's benefits
so as to decrease the motive for consumer to buy life insurance policies and further
damage the company solvency. The wvaluation of life products with minimum
guaranteed return rate has been discussed in a lot of literature. Persson and Aase
(1997), Grosen(1997), Briys and Varenne(1997) have proposed the valuation of life
products with the minimum guaranteed return, Bacinello and Ortu(1993), Nielsen and
Sandmann(1995), Boyley and Hardy(1997), Grosen and Joergensen(1997) and
Bacinello(2001) studies unit-linked contracts with minimum return guarantee, Moeller
(2001) discussed risk-minimizing hedging strategies for a general unit-linked life
insurance contract driven by a Markov jump process and a claim process from non life
insurance where the claim size distribution is affected by a traded price index.
Milevsky and Salisbury(2005) discussed the financial valuation of guaranteed minimum

withdraw benefit for variable annuity, However, as Mahayni and Schlogl(2003) pointed
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out:" the existing literature is mainly concerned with the correct valuation of insurance
policies, i.e. the pricing of the option component by standard Black/Scholes-type
dynamic arbitrage arguments”, Risk management of insurance products must consider
and balance benefits and risks of both consumers and insurers. In our article,
minimum guaranteed return rate is seen as a kind of price of insurance policies.
Minimum guaranteed return rate g is determined based on the objective to minimize
the sum of volatilities of investment and minimum guaranteed return rate, at the same
time, satisfy a certain constraint, that is, the surplus rate of insurance companies is
equal to or larger than a constant. The determination of the premium is still based on
the equivalence principle, that is, the net premium is equal to the total claim payment
due to the death events. Therefore, for universal life insurance, it is necessary to
determine two different prices, one is premium not including the factor of investment
and another is minimum guaranteed return rate which is necessary to consider the
hedging factor of investment risk. Since it is general practice in actuarial science on
determining the life insurance premium without considering investment factor, here
we will not discuss it. We mainly focus on discussing how to determine optimal
minimum guaranteed rate, We also consider the hedge of the investment return to the
underwriting risk and to the payment of minimum guaranteed return and assume that
return rates of risk assets invested are Vasicek(1977) stochastic processes. We transfer
the Vasicek models into Gaussian stochastic process so that we can easily formulation
the equation of calculating the volatility of the minimum guarantee return rate,

In this article, we apply similar method to that of dynamic mean-variance(M-V)

model?, But the difference between our approach and those in existing literature is

1) Since Markowitz(1952) proposed mean-variance(M-V) portfolio selection, there is a lot of
literature to study and extend the Markowitz's M-V model (1) to formulate dynamic M-V
models; (2) to combine stochastic optimal control theory to derive the expression ofn the
efficient strategy and efficient frontier in closed forms; (3) to extend the dynamic M-V
model to cases with a variety of more realistic conditions; and to adopt the dynamic M-V
model to study the ALM problem(Yao, Lai and Li, 2013).
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that we use minimizing the sum of volatilities of investment return rate and minimum
guaranteed return rate instead of minimizing the volatility of the terminal surplus as an
objective function,

The model proposed in this article mainly has two advantages. The first one is that
the determination of minimum guaranteed return rate g considers both the insurer’s
and policyholder’s risks and benefits. Therefore, it can decrease insolvency risk and at
the same time raise the motive for consumer to buy this universal life insurance
because of minimum claim risk and insolvency risk of insurance companies. The
second advantage is that the optimal solutions can be dynamic with time. Therefore, it
is more truly reflecting the real situation of insurance companies,

The remaining part of this article is organized as follows, In the next section, several
assumptions are discussed, a general valuation model is proposed, and determination
of optimum g is discussed. In the third section of this article an example is given to
illustrate its application and numerical analysis is carried out, Last section gives our

conclusions

1. Valuation model of universal life insurance with level premium

paid at the beginning of each year
1.1, Assumptions

Assume that the life product is a universal life insurance product and the term of
each policy is 7, Each life has the same death distribution and the death events are
independent of each other, The death probability of the insured aged = who is alive at
x+t—1 but dead at =+t is expressed as ¢, ,,.

Assume that the rate of return of investment portfolio can be expressed as the
following stochastic differential equation(because the return rate of investment may

have negative values, we use Vasicek model):
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dr=a(b —r)dt+ o, dz, (1)

where dz, is a standard Wiener process, o, is the standard deviation of return rate of
investment portfolio, b, is the equilibrium return rate of investment portfolio of long
term, b, —r is the gap between its current rate of return and its long-run equilibrium
level and a is a parameter measuring the speed at which the gap diminish. Assuming
that the diversified portfolio consists of one risk-free asset and n types of risky

investments, the fraction invested in #th risky investment is «;, ¢ =1,2,...,n, the fraction

n+1

invested in risk-free asset is «, ., and »,a, =1, then the return on risky asset i
. i=1
follows equation '

dr, = a (b —r)dt+ o,dz, 2)

n
and a portfolio return is 7= Y a,r,. The differential of the portfolio return is
i=1

Zn:aldri :Zn:al(ai(bifri)dt+cfidzi): y aiai(bifri)dt+znlaiaidzi 3)

If a; = a, then

b=Yab (4)

If the correlation between z; and z; is p,;, then the variance of the portfolio return is

i=1 j=1
=]

(e Vle . o !
VtLZaiaidZiJ :LZafaf +ZZaia10iajpijJ dt

and the standard deviation is
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Za202+22aa JeRepes )

i=1 j=1
i

Based on Momon(2004), we know that the expected return rate of risky investment portfolio is

B0 =1 0= EXar = Yau®=Yae (01, ©

where 1, (t) is the expected return rate of #th risky asset at time t in real world
measure and 7;(0) is the return rate of £th risky investment at time t=0, And we
define

o-f(t)=Var(r):Var(Zn:airiJ Za o (t)+22aa o (1), 7)

i=1 j=1
i

where ¢2(t) is the volatility of the return rate of ith risky asset in real world

—2a;t

2 of 1—e

measure, o (t) =0’ 5
; o

i

and o,;(t) is covariance between ith risky asset and

Fth asset in real world measure,

1 1
AI+ZB“+AH+ZB"+Y A“ 25"+AJ‘+ZBJ' (8)

o,(t)=

where

2

2 ~(2at—3+4e™ —e™)

b
A= q e)_pt B, =

r,—b at
A ="L—1@0-¢"7)-bt

-at —2at
— i i

and
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v 1 ai+aj a, ;

t

S a+a 0.0,

I ] i —at —at

L™ -1
(e -1

[

oo (1, o1 )
—‘L—Z(ait+e =D+ (at+e ’—l)J
a.
_1)

For the proof of equation (8), please see Mao et al.(2012). Since
r(t) ~ M, (t),0%(t)), n(t) also satisfies the stochastic differential equation:

dr;(t) = p; (t)dt+o,(t)dz, and the return rate of investment portfolio r(t) satisfies

dr(t) = 1 ‘(t)dt + o (t)dz, ©)

where /ur I(t) = fur (t) + an+1rf

Assume that mortality is independent of the investment return, and follows the
Gompertz-Makeham distribution(Milevsky, 20006), with the instantaneous force of

mortality(IFM) given as:

/1(x)=§+%e‘xm’”’, t>0 (10)

where m is the modal value of future lifetime and b is the dispersion coefficient.
According to the equation (10), the instantaneous force of mortality is a constant § plus
a time-dependent exponential curve. The constant § aims to capture the component of
the death rate that is attributable to accidents, while the exponentially increasing
portion reflects nature death. The conditional probability of survival under this

Gompertz-Makeham IFM curve is equal to
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P, —exp{ T[cﬂ e m)“’} ds}_

= exp{—§t+ b(/l(x)—é)(l—et’“)}

amn

Assuming the surplus of the insurer at time ¢, X(t), satisfies the following stochastic

differential equation:

X ()= (0,,, Re(L— 1)+ X (0, (1) - Req,,, max(e® & )t +
+X(t)o, (t)dz—Req, o (t)dz,,

(12)

X+t g(

with boundary condition X(0) =1, where Re is the proportion of retention of

reinsurance and 7 is the rate of reinsurance cost,

1.2, Valuation Models for Static Solutions

The stochastic differential equation (12) has the unique solution based on Ito’s Lemma:

X(t)=X,+ j. X(s)u, '(s)ds + j X(s)o,(s)dz -

t (13)
~ [Re(q,., max(e®,e" ") ds+q,_,o, (s)dz,)
X(t) = EP(X + | X (s)u, '(s)ds+ t X(s)o (s)dz\+
[Ty TR RET OO
(14)
e )
+E URe(qX+s max(e®,e"* )ds+q,, .0, (s)dz, )J

where E7([]) is the expectation operator under the real world measure and g is
minimum guarantee return rate, By the constraint condition that £{X(7;) — X(0)) = C,

we have
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(T T )
EP(X(T,)- X(0))= EPLXO+fX(s)yr'(s)ds+J‘X(s)o—r(s)dzJ -
i ’ (15)

X+s~ g

—EPURe(quax(egs “*Vds+q.. o, (s)dz )} X(0)=C

where 4, (0= O +a,r,, "r(”—J%“f“f(t)@Zf o, and q,,=.,p,- b,
i#]

is the mortality rate at time ¢,z is the age the insurance policy is issued, 7j is the

maturity of insurance contracts and

s ()= [ (9 - E(x(®))* f (x()dx+ f(X(t) —E(x(1))° f (x(1))dx

~ [ @O 1 ®F FXOYK+ [ (xO) -1, O F (@) (16)
—(9t) 1 '(t»@[g(t)"‘f'“)]mf(t)
)

Letting the objective function be

5 ( \% 17)
- 2@ e o) = Z(qxﬂ) (004 O kg“) “ © Jr20 J

st:EP(X(T,)- X(0))=C

Write the Lagrange equation of objective function (17) as:

W (a0-u@®) )
L0)= 2 (0. (00)- (t»%k% #2020 |+ AEXCT) a8)

The one order conditions of Lagrange equation with respect to g,a;,¢i =1,2,...n, Re can

be written as:
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([ \ \
223 qfﬁ(g(t)f,ur'(t))kz LL{S(OJ f;u, (90-1,10) o0 Zgj

) (aiEP(x +]0.X(s)yr'(s)ds+J'X(s)or(s)dzJ—J'Reqmﬁr.max(egs ys) 'ds\ o)
e ol 90 =22, (0)) O aﬂ,\

aﬂ s (804 )] 20 = 2+ (004 ())au,'a_asz
=0
%zEP(X +T[OX(s)y '(s)ds+TX(s)a (s)dz\—
i o [xom e [xe 0 N

(T , )
—E°P U; Re(q,,, max(e®,e"*)ds+ q,0, (s)dzl)J -C=0
oL - (. (gt)-p@®) o0)
PRI (g(t)“‘r“))tz‘bLTt)J+(9“’“‘r“))_J

( T 3

ai X JrJX(s)ﬂr (s)ds+_[X(s)a (s)dz} _!Reqma max(egs e;s)ds (21)

(g(t)-4,1) o0)

——jReqm 9(t)- 4,(1)) (ZCDL a,(f) J+(g<t)—u,<t))@dz
oL _ & ol 2 [ 9= 21, (1))
%—ZMREQM L(g(t)—u,(t)) CDL o ) J 20

(o (. )

%E \X +'C[X(s)y (s)ds+jX(s)a (s)dz (22)
+A4 (r

—EPU(qmmax(egs e“*)ds+ g0, (s)dz

By solving the system of equations (19), (20), (21) and (22), we can get the optimal solution
of ¢g* and optimal investment allocation strategy (g,a,*,a,*, ..., ¥, 1 — ¥ — a,*— ..a,*) .
However, it is impossible to get the explicit solutions of these four system equations
by analysis methods, We use numerical method and optimization technique to get

the approximated solutions.
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1.3. Proper order dynamic programming models

In above section, we discuss the problem of finding the static solutions of optimal
minimum guaranteed return rate, the proportions of risky assets invested and the
proportion of reinsurance. In this section, we will discuss how to find the dynamic
optimal solutions of these parameters by dynamic programming. Usually, the inverse
order method is used to solve the problem of dynamic programming with the initial
values of parameters given, However, since the boundary condition at last stage is
given in our case, it is necessary for us to use proper order dynamic programming by
dividing the total maturity time into several stage, and the duration for each stage is
just one year, then, the process to find optimal solution is from first stage to the final
stage. The objective function of the Ath stage with the constraint of the average
surplus of each year being larger or equal to ¢ can be written as:

mino, = [Zklcz(i)}z k=12,.T,
= (23)

E(X(k)=X(O) , .

— 2

st:

where

( (g )
7'()= Req, )| (6001, '(i))Z@L% Jr2ai)

Solving the objective functions of each stage, firstly, get the optimal solutions of the
first stage, g,,a1,a5,a3 and Rey, secondly, put these optimal solutions into the objective

function and solving it to get the optimal solutions in the second stage until the last

. . 75 75 T .
stage where the optimal solutions g,..a,",a," ;" and Re ;, are obtained,



HET8XT K27 HiS

2. Numerical Examples and Discussion

2.1, Without consideration of reinsurance

It is assumed that there are three kinds of investments: stocks, Treasury Bond, and
Treasury Bill. The allocations of them in the investment portfolio are «ay,a, and aj,
respectively, We use Vasicek model to simulate the return rates of stocks and bonds.
We use the data of S&P 500 index, the bonds? from 1976 to 2009 to estimate the
parameters of a;,b; and o, =1,2. We use the maximum likelihood estimation to find
these parameters based on the formulas discussed in the book written by Gourieroux
and Jasiak(2001) (Section 12.1,2). The estimated values of parameters are listed in
Table 1, We estimate the risk-free return rate using the return rate of 3 months
Treasure Bill from 1976 to 2009 and get 7, =0.054. 7, (0) =0.2645,7,(0) =—0.149, We

assume that the initial value of wealth X, =1

(Table 1) The values of parameters of S&P 500 stock market index
and Government Bond estimated by maximum likelihood

MLE S&P Government Bond
estimation(a;) 2.2183 0.7931
estimation(o?) 0.1318 0.0457
estimation (b;) 0.1251 0.0959

We also assume A =0, m = 86.34,b= 9.5 according to GoMa law3), the insured age at
the time when the insurance policy issued is « =40, the insurance term is whole life,
then 7} =10, the longest life span is 110(under the Gompertz-Makeham IFM curve, 7’
oo is , but we assume that ,P, is zero when ¢ > 110).

By considering the stochastic objective function with the constraint (23), and with

2) Sources: Stocks, Bonds, Bills, and Inflation Yearbook. The data is annually reported.
3) These were the bestfitting parameters to the unisex RP2000 mortality table, see Milevsky(20006).
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the help of Monte Carlo simulation and optimization techniques, we get the optimized
investment portfolio proportion, sub-optimal minimum guarantee rate and optimal
reinsurance proportion when C'takes value of 0,0.10 and 0.20 (please see Table 2, the
solutions in lines 2, 4 and 6 are optimal solutions, while those in lines 3, 5 and 7 are

sub-optimal solutions,).

(Table 2) The optimal and sub—optimal solutions of minimum guaranteed return
rate and the proportions of investments without consideration of reinsurance

c o | a* | a* | g* |mn \/ﬂ EX(X(10)- X(0)

0 0.0262 0.0063 0.9674 0.0699 0.0011 0.0671

0 0.0182 0.0269 0.9546 0.0093 0.0009 0.0846
>0.10 0.0262 0.0063 0.9674 0.0699 0.0014 0.1758
>0.10 0.0182 0.0269 0.9546 0.0093 0.0014 0.2042
>0.20 0.0256 0.0495 0.9249 0.0613 0.0025 0.2167
>0.20 0.0294 0.0199 0.9507 0.0048 0.0017 0.3028

Our results (Table 2) show that the optimal minimum guaranteed return rate is very
small when the total volatility reaches smallest, but the expected optimal surplus of the
insurer is larger. It is not beneficial to the consumer. But it is conformed to the current
situation, that is, very low interest rate due to the financial crisis occurred in 2008, We
also get the sub-optimal minimum guaranteed return rate and corresponding
investment strategy. Table 2 also shows that the bigger the value upper bound of

constraint, the larger the optimal total volatility is.

2.2. With consideration of reinsurance

Reinsurance is an important tool to hedge the underwriting risk and investment risk
and it can also be used as an important instrument of capital management when the

reinsurance cost is not high. Table 3 lists the results of optimal solutions under the
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constraint value being zero,

(Table 3) The optimal and sub—optimal solutions of minimum guaranteed return
rate and the allocations of investments under consideration of reinsurance

© a* | a* | a* g* Re* | min /iaz(t) E*(X(10)- X (0))

>0 0.0966 | 0.0153 | 0.8881 | 0.0901 | 0.2637 0.000009 0.4075

>0 0.1138 | 0.0019 | 0.8843 | 0.0169 | 0.2525 0.00006 0.6017

From Table 3, we find that the optimal and sub optimal surplus is much larger, the
total volatility is much smaller and the investment strategy is more aggressive than that
without reinsurance. The main reasons may be that it decreases minimum guaranteed
return payment to the consumer due to the decrease of retention and reinsurance
helps to decrease underwriting risk® and further hedge investment risk so as to obtain
more surplus. Therefore, reinsurance not only helps decrease underwriting risks but
also increase the surplus of the insurer. This result is conformed to the results obtained
by Scordis and Steinorth(2012), in which they find that a positive relation between the

use of reinsurance and value,

2.3 Numerical analysis of dynamic programming under the

condition without reinsurance

For multi-stage dynamic programming without reinsurance, the results are listed in
Table 4 and Table 6, We change the maturity time from 10 years into 5 years in order
to simplify the calculation, Here we assume that the constraint of average annual

surplus is ¢ =0.00.

4) In our model, we did not consider the volatility of mortality and the underwriting risk is
indicated by paying the minimum guaranteed return, When the return rate is lower than
the minimum guaranteed return rate, the insurer will have deficit due to resulting
overpayment,
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(Table 4) The optimal solutions obtained multi—stage dynamic programming under
the condition without reinsurance

Stage(k) 1 2 3 4 5
c 0.00
g(k) 0.0048 0.0048 0.0048 0.0093 0.0232
o (k) 0.00294 0.0294 0.0294 0.0182 0.0138
a,(K) 0.0199 0.0199 0.0199 0.0269 0.0210
a; (k) 0.9507 0.9507 0.9507 0.9549 0.9652
mina, 0.0051 0.0041 0.0035 0.0027 0.0019
w 0.00002 0.1883 0.1015 0.0572 0.0388

(Table 5) The sub—optimal solutions obtained multi—stage dynamic programming
under the condition without reinsurance

Stage(k) 1 2 3 4 5
c 0.00
g(k) 0.0328 0.0328 0.0613 0.0613 0.0699
o (k) 0.0097 0.0097 0.0256 0.0256 0.0342
a, (k) 0.0749 0.0749 0.0495 0.0495 0.0063
a;(k) 0.9154 0.9154 0.9249 0.9249 0.9674
mino, 0.0078 0.0065 0.0054 0.0046 0.0028
w 0.0123 0.1877 0.0995 0.0553 0.0342

From Table 4 we find that the optimal solutions of minimum guaranteed return rate
are very small except in the last stage. From Table 5 we find that the sub-optimal
minimum guaranteed return rate increases with the time, the annual average surplus is
small in first year and reaches largest in the second year and then gradually decreases

with time from the third year, The total volatility gradually decreases with the time

from first year to last year.
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2.4, Numerical analysis of dynamic programming under consideration

of reinsurance

For multi-stage dynamic programming under consideration of reinsurance, the
results are listed in Table 6 and Table 7. From Table 6 we find that the optimal
minimum guaranteed return rate are very low except the third stage. From Table 8 we
find that the sub-optimal minimum guaranteed return rate, the proportion of retention
and investment strategy is same in each stage except those in the first stage, We also
find from Table 7 that the sub-optimal minimum guarantee rate is higher and the
investment tends to be more aggressive(the portion of risk-free investment is lower)
while the sub-optimal retention rate is increasing. The possible explanation may be
that higher retention rate means the underwriting risk is not high and the insurer is
expecting to obtain more underwriting profit and more investment return, therefore,
the policyholder is also expected to obtain more return due to higher minimum
guarantee return rate, The optimal total volatilities are larger in every stage than those

without considering reinsurance.

(Table 6) The optimal solutions obtained multi—stage dynamic programming
under the condition with reinsurance

Stage(k) 1 2 3 4 5
c 0.00
Re(k) 0.5035 0.1838 0.4654 0.5648 0.5035
a(k) 0.0093 0.0004 0.0249 0.0057 0.0093
a,(k) 0.0182 0.0597 0.0181 0.0392 0.0182
a, (k) 0.0269 0.0149 0.0191 0.0370 0.0269
(k) 0.9549 0.9254 0.9627 0.9238 0.9549
min o, 0.0044 0.0062 0.0026 0.0047 0.0021
w 0.0242 0.2172 0.1196 0.0649 0.0032
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(Table 7) The sub—optimal solutions obtained multi—stage dynamic programming
under the condition with reinsurance

Stage (K) 1 2 3 4 5
c 0.00
Re(k) 0.4100 0.7989 0.7989 0.7989 0.7989
g(k) 0.0545 0.0638 0.0638 0.0638 0.0638
o (k) 0.0290 0.0103 0.0103 0.0103 0.0103
a, (k) 0.0607 0.1186 0.1186 0.1186 0.1186
a, (k) 0.9103 0.8712 0.8712 0.8712 0.8712
min o, 0.0087 0.0109 0.0083 0.0068 0.0058
w 0.0382 0.1670 0.0952 0.0439 0.0382

This result is just opposite to that discussed in Section 2.2, The main reasons may be
due to that the proportion of retention is much higher and investment strategy is more
aggressive in dynamic programming case, However, the optimal guaranteed return
rates are higher except that in last stage. Therefore, it is beneficial to the customer for
the universal life insurance with reinsurance as whole,

On the whole, it is important to notice that the investment strategies suggested in
our analyses are rather conservative compared with those in current situations(NAIC
capital markets special report as of year-end 2010 stated that the portion of bonds and
common stock in insurance firms investments in the U.S. were 69.7% and 10.3%
respectively, where the bonds includes categories such as corporate dept, municipal
bonds, structured securities, U.S, government bonds and foreign government bonds),
Since current interest rates are unprecedentedly low in relation to human history, life
insurance companies face considerable interest rate risk given their investment in
fixed-income securities and their unique liabilities if the interest rate is expected to
rise. Moreover, our analysis shows that the optimal minimum guaranteed return rates

are much smaller than those in current industry policy(Please see the data in Table 8),
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Therefore, we believe that lower portion of bonds and lower guaranteed return rate
suggested in our paper can help insurance companies reduce the insolvency risk and

avoid the vulnerability to a sustained low interest environment,

(Table 8) Guaranteed interest rate in life insurance policies in the United States

Total Guaranteed Interest Rate

2006 2007 2008 2009 2010

4.22% 4.20% 4.11% 4.14% 4.09%
Source: National Association of Insurance Commissioners(NAIC), online data at
http://www.naic org/cipr_newsletter_archive/vol3_low_interest_rates. htm

3. Sensitivity analysis of risk—free interest rate and other

parameters

3.1 What happens when risk—free interest rate and other

parameters change

In the previous sections, it was assumed that the risk-free interest rate and other
parameters are unchanged when the valuation models are discussed. In this section,
we will discuss the sensitivity of optimal minimum guaranteed return rate, the
investment and reinsurance strategy to the change of risk-free interest rate and other
parameters, We set the levels of risk-free interest rate, mortality, the insured age and
the cost rate of reinsurance 20% higher and lower than the standard values to see what

happens when these parameters change(see Table 9).
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(Table 9) The optimal and sub—optimal solutions when risk—free interest rate,
mortality, insured age and the cost rate of reinsurance changes

r, =0.054(1+0.2) Ar, =0.2
. 10 Ao E*(X(10)- X (0))

a* | @* | X | g% | Re* |min 300 | ENX0-XO) | S goen | et Ko o
0.0996/0.0153 | 0.8881 |0.0901| 0,2637 0.000008 0.5784 -0.1111 0.4194
0.1138/0.0019| 0.8843 |0.0169| 0.2525 0.000006 0.7272

r, =0.054(1-0.2) Ar, =-0.2
. 10 . Ao AE*(X(10)- X (0))

a * a, * a, * g* Re* | min ;GZ(O E*(X (10)— X (0)) o(r, =0.054) | EX(XD-X(©)/r, ~0054
0.0966|0.0153 | 0.8881 |0.0901| 0.2637 0.000010 0.2500 0.1111 -0.3865
0.1138/0.0019| 0.8843 |0.0169| 0.2525 0.000006 0.6010

qx+l (1+02) AqH—x :02
. 10 Ao E*(X(10)- X (0))

o, * a, * a, * g * Re* min ;’O—Z(t) E*(X(10)- X (0)) O'(r' ~0.054) E*()?(lo)—X(O))/r, ~0.054
0.0966/0.0153 | 0.8881 |0.0901| 0.2637 0.000010 0.3256 0.1111 -0.2010
0.0182[0.0269 | 0.9549 |0.0093| 0.5035 0.000003 0.3666

Oyt (1_ 02) Aqwx =-0.2
. 10 Ao E*(X(10)- X (0))

a* | a,* a,* g* Re* | min ;JZ(O E*(X(10) - X (0)) o(r, = 0.054) E*(f(m)fx(o)),n 005
0.029 [0,0607 | 0.9103 |0.0545| 0.41 0.000005 0.4216 -0.4444 0.0351
0.1138/0.0019| 0.8843 |0.0169| 0.2525 0.000005 0.6483

x=40(1+0.2) =48 Ax=0.2
. 10 Ao AE*(X(10)- X (0)

a* | a,* oy * g* Re* | min ;Uz(t) E*(X(10)-X(0)) o(r, =0.054) | E*(XG0-X(O)/r, ~0054
0.0966|0.0153 | 0.8881 |0.0901| 0.2637 0.000009 0.4106 0 0.0076
0.1138]0.0019| 0.8843 [0.0169| 0.2525 0.000005 0.6032

x=40(1-0.2) =32 Ax=-0.2
. 10 Ao E*(X(10)- X (0))

a* | a* ™ g* Re* | min ;UZ(O E*(X(10)-X(0)) o(r, = 0.054) E*(ﬁ(m)—x(o))/r, 0054
0.0966/0.0153 | 0.8881 |0.0901| 0.2637 0.000009 0.4062 0 -0,0032
0.1138/0.0019| 0.8843 |0.0169| 0.2525 0.000006 0.6010

n=0.11+0.2) =0.12 Ax=0.2
. 10 Ao AE*(X(10)- X (0)

a * a, * a, * g * Re* | min ;o-?(t) E*(X (10)— X (0)) (1, —0.054) | EXXE)-XO)/r, ~005
0.0966(0.0153 | 0.8881 |0.0901 | 0.2637 0.000009 0.4022 0 -0.0130
0.1138]0.0019| 0.8843 [0.0169 | 0.2525 0.000006 0.5966

7=01(1-0.2) =0.08 Ax=-0.2
. 10 . Ao AE*(X(10)- X (0))

a* | a* a* g* Re* | min éoz(t) E*(X(10)-X(0)) o(r, =0.054) | EX(XD-X(©)/r, ~0054
0.0966/0.0153 | 0.8881 |0.0901| 0.2637 0.000009 0.4128 0 0.,0130
0.1138/0.0019| 0.8843 |0.0169| 0.2525 0.000006 0.6067
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From the results of sub-optimum in Table 9, we find that increasing risk-free interest
rate, when risk-free interest rate is higher, will increase the optimal surplus of
insurance companies and the minimum volatilities of investment and minimum
guaranteed return rate, and vise verse. However, the optimal investment, reinsurance
strategies and optimal minimum guaranteed return rate keeps same whatever the
risk-free interest rate increases or decreases, Table 9 also shows that increasing the
mortality will increase the minimum total volatility of investment and guaranteed
return rate and decrease the surplus of insurance companies, And the optimal
investment, reinsurance strategies and optimal minimum guaranteed return rate keeps
same as those when mortality does not change. However, the retention increase, the
investment strategy becomes more conservative, minimum guaranteed return rate
becomes smaller, the optimal surplus of insurance companies become slightly larger
and the minimum total volatility of investment and minimum guaranteed return rate
smaller when the mortality decreases. Finally, Table 9 shows that there is little effect of
changing the age of the insured and the cost rate of reinsurance on the optimal
investment and reinsurance strategies, on the minimum total volatility, and on the

minimum guaranteed return rate,

3.2. Discussion

From the results of Table 9, we find that risk-free interest rate is the factor to which
response variables are most sensitive(i.e., changes of minimum total volatility and
expected surplus of the insurer are the largest in response to this factor), In this
section, we will discuss how the optimal solutions change when we take the actual
risk-free interest rate in current three months U,S, Federal Government Treasury Bill>),

that is, we take r, = 0.1% and observe what happens to the optimal solutions, Table 10

5) http://www. marketwatch, com/tools/pftools
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and Table 11 list the results,

{Table 10) The optimal and sub—optimal solutions of minimum guaranteed return
rate and the proportions of investments without consideration of
reinsurance (r; =0.1%)

C a* | e | e | g* | mn (Yo' | EXW)-XO)

>0 0.1138 0.0019 0.8843 0.0169 0.0024 0.0290
>0 0.0294 0.0199 0.9507 0.0048 0.0017 0.0359

(Table 11) The optimal and sub—optimal solutions of minimum guaranteed return
rate and the proportions of investments under consideration of
reinsurance (r; =0.1%)

C o> a,* o * g* Re* min /i a(t) | E(X@0)-X(0)
>0 0.0627 0.0789 0.8583 0.0208 0.2552 0.000010 0.0466
>0 0.1138 0.0019 0.8843 0.0169 0.2525 0.000006 0.1030

From the result of Table 10 and Table 11 we see that the optimal and sub-optimal
solutions of minimum guaranteed return rate are much smaller when risk-free interest
rate is very low. However, it is still necessary for insurance companies to set a
non-zero but lower level of guaranteed return rate, which will be beneficial for both

consumer and the insurer,

Il. Conclusions

In this article, we discuss the optimal determination of minimum guaranteed return
rate, investment and reinsurance strategies with the help of dynamic programming,
stochastic optimization and Monte Carlo techniques. We establish the objective

function of minimizing the sum of volatilities of investment and minimum guaranteed
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return rate, at the same time, satisfying with the constraint of surplus of the insurer
larger than a constant. The results shows that changing the insured age, the risk-free
interest rate(when risk-free interest rate takes high value), the mortality will not affect
the optimal value of minimum guaranteed return rate, investment and reinsurance
strategies except the case when the mortality decreases. However, changing these
parameters will affect the sum of the volatilities of investment and minimum
guaranteed return rate and the surplus of the insurer. The results also show that when
risk-free interest rate is very low (r; =0.1%), the optimal and sub-optimal minimum
guarantee return rates are very low, One major limitation of our study may be that we
did not consider the effect of capital, and capital cost, on the optimal strategies and

these topics could be studied in future research work,
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comparison with seven existing stochastic mortality models, testing in—sample fit
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to the Bayesian Information Criterion(BIC) and Mean Absolute Percentage Error
(MAPE). This shows that the GP extracts optimal risk factors for the projections of
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levels of uncertainty in forecasts at different ages and show how the risk can be
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I. Introduction

Human mortality decreased significantly in the 20th century(Preston, 1993; Smith,
1993). During the first part of the 20th century, the decline in mortality primarily
resulted from the reduction of infectious diseases for younger groups, and during the
last decades of the 20th century, the decline resulted from the reduction in deaths
owing to chronic diseases mainly for older age groups(Antolin, 2007). This increase in
longevity of human life is a blessing, but creates systemic risk in pension systems and
public retirement systems.

Population forecasts using static life tables would overestimate death rate because
they do not consider the evolution of mortality over time. An alternative solution is to
use a stochastic mortality model, Lee and Carter(1992) first proposed a stochastic
mortality model for forecasting mortality in the US, which is currently being considered
as the benchmark model. Subsequently, various models have been proposed to
contain more detailed demographic features such as cohort effects and age-dependent
differentials(Lee and Miller, 2001; Booth et al., 2002; Brouhns et al., 2002; Girosi and
King, 2005; Renshaw, 2006; Cairns et al,, 2006a; Currie, 2006; Hari et al., 2008;
Tulijapurkar, 2008; Plat, 2009; O'Hare, 2012).

In spite of such developments, it is ambiguous whether these models have enough
flexibility to represent age-specific differentials in mortality data. Moreover, the models
suffer from the limitation of universal applicability, because they were designed based
on the observation of mortality data for a few developed countries, especially the UK,

These problems can be overcome by using the “General Procedure”(GP) developed
by Hunt and Blake(2014). The GP provides an effective method of capturing all major
age-dependent demographic features from mortality data and of incorporating them
into a stochastic mortality model using non-parametric period and parametric age

functions. Since age/period functions are independent of each other, we are able to
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establish the age-specific mortality structure of the population under consideration and
a distinctive demographic pattern by comparing estimated age/period functions across
nations, We call the stochastic mortality model built by the GP as the GP model.

The GP model was originally constructed using mortality data from the UK and was
found to fit well in-sample on the basis of the Bayesian Information Criterion(BIC),
However, this does not necessary imply that the model is informative regarding
out-of-sample predictive contents., The GP model could be useful to forecast future
mortality rates, since it considers all risk factors for projections by obtaining the period
functions corresponding to age functions. In this study we investigate the accuracy of
projected mortality rates by the GP model. We evaluate the forecasting ability by
comparing out-of-sample forecasting performances of the GP model with those of the
seven popular models shown in Table 2. To obtain robustness of the out-of-sample
test, we also examine the impact of parameter uncertainty using the residual
bootstrapped technique(Koissi et al., 2006). This serves as a test for demonstrating
computational stability of the GP model, We also present fan charts of the forecasts
produced by the GP and two other models to show the impact of diverse risk sources
on mortality rate forecasts. This information is valuable for pension providers and
insurers to hedge unexpected liabilities.

The remainder of the paper is organized as follows. Section 2 presents a stochastic
mortality model produced by the GP and assesses its goodness-of-fit. Section 3 builds
a time-series forecasting model for the time-varying indexes of the GP model. Section
4 shows the in-sample fit and the out-of-sample forecasting accuracy of the GP model,
along with a comparative analysis of the performance of the GP model with those of
the other models. Section 5 examines the hedge effectiveness of g-forwards using
sample paths generated by the GP model, Finally, Section 6 summarizes and concludes

the study.
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II. Constructing Stochastic Mortality Model using
the General Procedure

1. Definition of Mortality and Data Source

To build stochastic mortality models, we use the crude(i.e., unsmoothed) death

rate m, , for age z in calendar year ¢:

_ Number of deaths during calendar year t aged x last birthday
Average population during calendar year t aged x last birthday ’

m:l:,t

2.1
where calendar year t is defined as running from ¢ to ¢+ 1; and the average
population is approximated by the estimate of the population aged z last birthday in
the middle of the calendar year, The one-year mortality rate g, , is given by

¢y =1—exp[—m,,], (2.2)
which is the probability that an individual aged exactly x at exact time ¢ will die
between ¢ and t+ 1. We use the South Korean male mortality data during 1983~2010

for the age range 1~79V,

2. The GP Model

We construct a stochastic mortality model using the GP, For brevity, we restrict the
discussion to points necessary for evaluating its predictive performance, Hunt and
Blake(2014) provide more detailed information on the GP, such as the identifiability
constraints and the algorithms for estimating parameters,

STAGE 0. The first step is to fit the mortality data to the model,

1) The data is obtained from Statistics Korea(KOSTAT). Available at www. kostat.go.kr.
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In(m,..) = a,, 2.3)
where a, is a nonparametric age function to be estimated, which reflects the average
age-specific pattern of mortality across the full age range. To estimate the parameter
a, and the parameters in the following stages, we use Brouhns’ methodology by
maximizing the log-likelihood of a Poisson distribution(Brouhns et al., 2002), Figure 1
displays the estimation results, showing the age pattern of mortality in childhood,

young adulthood(the accident hump), and senescence,

(Figure 1) Estimated values of a, for Stage O

_aX

-3

-6 -5
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Age

STAGE 1. For improving flexibility of the model (2.3), the next stage is to add a

nonparametric age/period term b;l)kffl) to it:

In (mm,t)zar—kbg)kgl), 2.4)

where the nonparametric age function b.(l.l) and the nonparametric period function kil)

describe the age effect and the period effect, respectively. The two grey lines shown in

the left and right panels of Figure 2 represent the fitted values of bil) and kil),

respectively, To improve the parsimony of the model (2.4), we need to design a

parametric age function f ) (z) reflecting the significant demographic feature of bg;l),
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We select a constant function(f W (z)oc 1) describing a general level of mortality for

all ages. Substituting b;l) with f (1) (), the updated model is expressed as

In(m,,)=a, + £ (2)kW, (2.5)
The two black lines shown in the left and right panels of Figure 2 represent the

fitted values of f ) (x) and kgl), respectively, This substitution provides a trade-off

between the fit quality and the parsimony of the model.

{Figure 2) Age functions(left—hand panel) and
period functions(right—hand panel) for Stage 1
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STAGE 2. Similarly, adding a nonparametric age/period biz) k:g?) function to the

model (2.5), we arrive at

In(m,,)=a, + s (x)kgl) + bff)kiz). (2.0)
The two grey lines shown in the left and right panels of Figure 3 represent the fitted
values of b:(,;Q) and k?), respectively, We use a straight line to capture the dominant

(2)

T

trend of b,”’. Substituting b;(f) with f (2) (x)(cc ), we arrive at

In (mj,;,t) =a, —|—f(1) (:c)k:il) —|—f(2) (:c)k‘?). 2.7)
The two black lines shown in Figure 3 represent the fitted values of f (2) (x) on the

left-hand panel and k?) on the right one.
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STAGES 36, We repeat the procedure until the functions f B (), -, f ©) () are

obtained, Then, we arrive at

(Figure 3) Age functions(left—hand panel) and
period functions(right—hand panel) for Stage 2
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; (i) (4)
In(m, ) =a,+ Y, " (x)k". (2.8)

i=1
Table 1 shows the implemented six parametric functional forms and their demographic
implications: the average level of mortality(i = 1); the increase in the general level of
mortality with aging(i = 2); mortality differentials related to young adult mortality
(i = 3); childhood mortality(i = 4); postponement of old age mortality(i = 5); and an

accident hump(i = 6),

{Figure 4y Nonparametric age(left—hand panel)
and period(right—hand panel) functions for Stage 7
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STAGE 7. Figure 4 shows the fitted values of bf) (left) and k‘i” (right) obtained by
adding the additional age/period term bg)ki?) to the model (2.8). We do not observe
any significant demographic features in the age function, such as distinct features
superimposed on a specific age range or trends across the entire age range. Thus, we

do not consider hidden parametric age functions,

STAGE 8. The final stage is to add the cohort term , _ , to estimate lifelong effects

specified by different generations, Then, we arrive at the final model:

6
n(m, ) =a,+ 3£ @k’ +7_.. 2.9)
i=1

where y =t — x (i.e., the year of birth), Figure 5 shows the estimation results obtained
using the model: the left-hand panel shows parametric age functions, f @ (z), and the
right-hand panel the mortality indexes, kzﬁi), scaled by deducting their means and
dividing by their standard deviations for convenience sake. The period functions, k’gi),

represent the time-trending behavior of the corresponding age functions f @ (x). The

fitted cohort effects are shown as dots in Figure 7.

{Figure 5) (Color online) Parametric age functions(left—hand panel) and period
functions(right—hand panel) scaled by deducting their means and dividing by
their standard deviations

— f[l]{x)
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(Table 1) Parametric age function and demographic significance

Term _ . Free Demographic
) Description D (2)oc =mograp
(4) parameters significance
General level of
1 Constant 1 None .
mortality
2 Linear r—x None Gompertz slope
~\2
- N Y dult
3 Normal exp(—w) z,0 oung % !
o mortality
4 Put option (x,—2)" x, Childhood mortality
R -« ~ Postponement of
Rayleigh — —*(z—2z)?
> ayiels (e —z)exp(=p*(z—2)°) P old age mortality
1 (In(z) —2)2 « Peak of accident
6 Log-normal —exp(——5——) z,0
T o hump
(Table 2) Specifications of the seven stochastic mortality models
Model Formula

M1 Lee and Carter(1992)
logm,,=a,+ by)kgl)

M2 Renshaw(20006)
IOg Tn‘;l,z,f, = Q, + b(lnkil) + b.’(l.'Z),Yt*.’l.'

M3 Currie(2006)
logm,, =a, +n;1k7£1) +n, by,

M5 Cairns et al.(2006a)

q'L‘., -
log(il_'f )Zkﬁ”-ﬂ-ki”(m—m)
qnxt
M6 Cairns et al.(2009)
q'L‘., -
log( 1_"f ):k'in-i-ki?)(:c—w)-l-%,x
qnxt
M7 Cairns et al, (2009)
QT - R - -~
log( 1_(; ):k'in+k£2)(:y—w)+k§5)((:c—x)2—(ri,)+7t,m
.t
M8 Cairns et al, (2009)
qy —
log(—l_(; ):kzil)-ﬂ-ki?)(:n—w)+7t,‘,,,,(wc—w)
x,t

Note:  is the mean age over the range of ages being used in the analysis. n, is the number of ages
covered in the sample age range. c;f. is the mean value of (z— )2, z, is a constant parameter to
be estimated. M4 is not included in our analysis, It is the P-splines model developed in
Currie(2000).
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(Table 3) BIC measures for GP, M1—M3 and M5—-M8 models using
mortality data for South Korean males aged 1-79

Model Log—likelihood BIC
General Procedure -10,895.49 -12,241.69
M1 -17,138.76 -17,855.35
M2 -11,691.97 -13,121.29
M3 -15,478.96 -16,295.71
M5 -115,383.90 -115,599.60
M6 -56,615.52 -57,235.79
M7 -45 644,04 -46,368.33
M8 -33,587.82 -32,959.84

3. Assessing Model Fit

In order to assess the goodness-of-fit of the GP model and the other seven models

listed in Table 2, we use the BIC measure:
BIC= L(3)~ 3 KIn(P), (2.10)

where L() is the log-likelihood of the estimated parameter ¢; P is the number of
observations; and A is the number of parameters being estimated, It provides a
trade-off between the fit quality and parsimony of the model. The best estimate is
chosen based on the highest value of BIC measure, Table 3 shows the BIC scores for
the eight models estimated using mortality data for South Korean males aged 1~79
during 1983~2010. The GP model has the highest value of BIC( -12,241.69), making it
the best-fit model, We also observe that the models, M5~M8, do not deliver significant

performance results, This is because they were solely designed for higher age groups.
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III. Modeling Time-varying Indexes

To examine the future distribution of mortality rates, we build time series models for
the stochastic variables(i.e., the mortality indexes and cohort effects) of the eight

models,

1. Modeling GP Mortality Indexes

Chan et al, (2014) suggest a general class of vector autoregressive integrated moving
average(VARIMA) model for multiple mortality indexes, However, when we applied
the VARIMA model to the GP indexes, the first and second best-fit models do not pass
diagnostic tests, Thus, the GP mortality indexes, kzi"’), are modeled using a multivariate
random walk with drift(RWD) commonly used to build time-series models for mortality
indexes(for example, a univariate RWD model in Lee and Carter(1992) and a
multivariate RWD model in Cairns et al, (2006a, 2011)).

The multivariate RWD process for the mortality indexes k, = (k‘gl),---, kis))T is

defined as follows:

kiy,=k,+p+CZ, (3.1)
where € R® is a constant 6 X 1 vector; C'is a constant 6 6 upper triangular
matrix; and Z, is a six-dimensional standard normal random variable. Vector p
represents the drift and matrix C' the volatility of the risk factors, satistying
Var(A kt) = CCT, The volatility matrix C'is uniquely determined from Var(A kt)

based on the Cholesky-decomposition. The estimation results are

p= (—3.413,0.155,0.035, — 0.524, — 0.040, 0.025) " (3.2)

and
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712 —4.84 —587 —1.17 0.29 —0.12
—4.84 5.07 4.48 1.54 —0.35 —0.05
—5.87 448 8.95 0.27 —0.31 0.02 (3.3)
—1.17 154 0.27 148 —0.18 —0.03 5.5
029 —035 —-0.31 —0.18 0.11 0.02
—0.12 —0.05 0.02 —0.03 0.02 0.07

Var(VkAt) = aUAT:

Figure 6 displays the fan charts for the GP mortality indexes obtained by simulating
1,000 paths. The dashed lines indicate 95% confidence intervals. The projections show
diverse patterns of trend and level of uncertainty, which reflects own intrinsic features

of specific age groups for mortality rate projections.

2. Modeling Cohort Effects

We assume that cohort effects, ~, are independent of k:ii), For the time horizon

of 1983~2010, the year of birth, t—x, is given from 1904 to 2009, and the cohort
effects with fewer than 5 observations are excluded from the fitting procedure. Since
an RWD model is unlikely to be appropriate for modeling cohort effects(Cairns et al.,
2011), we use a more general autoregressive integrated moving average(ARIMA)
process, The ARIMA(p,d,q) models with d=10,1,2 and p, ¢=0,1,2,3,4,5 are
considered as candidates, Of these models, the best model is ARIMA(2,0,2) based on
the BIC,

Figure 7 shows the fan chart for cohort effects obtained by simulating 1,000 paths.
We observe a strong discontinuity between 1945 and 1946 relating to the end of the

Second World War, A similar result is also observed in the cohort effects estimated by

the GP model for the UK mortality data(Hunt and Blake 2014),
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(Figure 6) Mortality index fan charts, kgi). The dots display the estimates of the
mortality indexes fitted to the historical data.
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(Figure 7) Cohort effect fan charts =y,_,. The dots display the estimates of the
cohort effects fitted to the historical data.
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IV. Evaluating Predictive Accuracy

In this section, we examine the accuracy of projected mortality rates for the eight
models, To establish the robustness of our results, we perform out-of-sample
forecasting experiments for three different age groups: 11~79(younger and older age

ranges), 1~79(full age range), and 60~79 years(older age range).

1. Mortality Projections for Age Range 11—79

We fit the models to mortality data over the age range 1~79 and over four different
historical “look-back” windows: (1) 1983~2000; (2) 1983~2001; (3) 1983~2002; and (4)
1983~2003.

We first evaluate the fitting performances in terms of the BIC. As shown in Table 4,

the best-fit model is the GP model with the highest BIC measure(marked with the
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symbol *) for all look-back windows, The second-best model(marked with the symbol
) is M3 for the look-back window 2001~2010 and M2 for the other look-back
windows,

Next, we evaluate the forecasting performances over the four different
“look-forward” windows: (1) 2001~2010; (2) 2002~2010; (3) 2003~2010; and (4)
2004~2010. Mortality indexes over the windows are generated by using the
multivariate(or univariate) RWD model fitted to the corresponding look-back
windows. The models are quantitatively assessed based on the accuracy of projections
using the mean absolute percentage error(MAPE) between ¢, , , the mean forecasts of

q...,and g, , , historical data:

qx,t z]a:,t

_Jat] 4.1)
qx,t

ware= 5 %)

t=ty @
where ¢, is the first year of the look-forward horizons and N is the number of
observations, The MAPE measure is computed only for the age range 11~79 for the
convenience of not extrapolating the cohort effects «, .. That is, the cohort effects for
computing future mortality rates are obtained from the estimations over the look-back
windows, As shown in Table 4, the GP model is the best-fit model with the smallest
MAPE measures for all look-forward windows, and the second-best model is M1,
Further, we examine the effect of parameter uncertainty using the residual bootstrap
methodology proposed by Koissi et al,(2006). Figure 8 displays the mortality index
k’il) for 500 bootstrap residual matrices over a look-back window of 1983~2000. We

observe that the underlying pattern of kil) (and also the other indexes, not shown
here) remain unchanged, which reflects the computational stability of the GP model,
The MAPE value calculated over the period 2001~2010 is 9.31%, which is close to the
value of 9.07% in the absence of parameter uncertainty. This (roughly) reflects that
parameter uncertainty has little impact on ranking the forecasting performance of

mortality models on the basis of MAPE,
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These results show that the GP model delivers the best performance in terms of
both in-sample and out-of-sample fit, regardless of the sample types. The second
model, M2 or M3 in terms of BIC and M1 in terms of MAPE, is highly dependent on the
sample types. We also observe that the model M5 does not deliver significance

performance results, since it was designed for higher groups only.

(Figure 8) (Color online) Mortality index k,ﬁl), 500 bootstraps
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2. Mortality Projections for Age Range 1-79

To simulate mortality rates for the age range 1~79, we need to specify stochastic
processes for modeling cohort effects, For the models with the cohort term v, ., M2,
M3, M6, M7, and M8, we consider ARIMA(p,d,q) models with d=0,1,2 and
p,q=0,1,2,3,4,5 as candidates and pick the best-fit model among them using the
BIC measure. The period 1983~2000 is used as the historical look-back window for
examining ten-year forecasts, As shown in Table 5, the best predictor is the GP model

with the smallest MAPE measure of 8,24%, and the second-best model is M3 with 11,12%,
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3. Mortality Projections for Age Range 60-79

For the age range 60~79, the models M1~M3 and M5~M8 are fitted into the mortality
data for a back-ward window of 1983~2000, and time-series models are also
constructed, However, the GP model is fitted to the age range 1~79, because the
model already has the age functions characterizing age-specific demographic features
over the range, Among the parametric age functions, only the three functions, f (1),
f (2), and f ®) effectively contribute to the projections. The others have little effect on
the projections, since their values are near zero in the range as shown in the left panel
of Figure 5. This might be a penalty to the GP model owing to some poor-fit arising
from the difference between the fitting age range and the evaluating one.

The MAPE measures are computed over a forward window of 2001~2010. As shown
in Table 6, the GP model is the best predictor with the smallest MAPE measure of

2.82%, and the second-best model is M3,

V. Applications to Mortality/Longevity-linked Derivatives

1. Comparison of Mortality Fan Charts

For the LC(M1), CBD(M5), and GP models, we look at the volatility of projections of
mortality rates at younger and older ages. The top panel of Figure 9 shows the fan
charts for mortality rates at age 25 for each of the LC and GP models fitted to mortality
data for the age range 1~79. The fan under the GP model is significantly wider than
those under the LC model, which results from the multiple risk sources of the GP
model. This reflects that at the younger age, the forecasting performance of the LC
model underestimates the risk associated with the forecast levels of uncertainty.

The bottom panel of Figure 9 shows the fan charts for mortality rates at age 65 for
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each of the LC, CBD, and GP models, As mentioned in Subsection 4.3, the LC and
CBD models are estimated using mortality data for the age range 60~79, and the GP
model is estimated using mortality data for the age range 1~79. We observe that the
widths of confidence intervals of the fans are broadly similar,

Information regarding forecast levels of uncertainty is valuable for pension providers
or insurers to hedge future unexpected liabilities. We shall look at hedging strategy for

the mortality risk using g-forwards.

2. Hedging Longevity Risk using g—forwards

A newly emerging life market offers risk management opportunities against mortality
risks such as brevity risk(i.e., the risk of premature death) and longevity risk(i.e., the
risk of living too long). Mortality-linked securities and derivatives have been extensively
developed by academic communities as well as industry specialists,(e. g, , longevity bond(Blake
2001), k-forward(Chan et al,, 2014; Tan et al., 2014), g-forward(Coughlan et al,, 2007)), and
theoretical frameworks for pricing them have been established(Cairns et al., 2000b;
Loeys, 2007; Bauer, 2010; Barrieu, 2012), The payoff structure of such products is
basically expressed as a function of current expectations for future mortality rate or
indexes related to mortality rate, Thus, finding the most efficient estimator and
assessing forecast levels of uncertainty in projections play key roles in mortality risk
management,

As a simple example, we consider a pension provider's hedging strategy against
unexpected liabilities owing to longevity risk. The pension provider uses g-forward
derivatives launched by J. P, Morgan in 2007. Figure 10 illustrates the transaction
between party A(e.g., a pension provider) and party B(e.g., a bank), The settlement of

g-forward contract at maturity is given by
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NX (qf —q,) for party A
Nx(q,—q;)  for party B,

where NV is the notional amount, ¢, is the fixed mortality rate determined at the time

of evaluation, that is, the best estimate, and ¢, is the realized mortality rate at the time

of maturity, T, Using g-forwards, pension providers can hedge against the risk of
{Figure 9) (Color online) The top panel shows the fan charts at age 25 for the
LC model(short) and the GP model(long). The bottom panel shows the fan charts

at age 60 for the LC model(short), the CBD model(middle), and the GP
model(long). The dots represent historical mortality rates for period 1983—2010.

[_J

S %o
— [ )
8 %
o ~—
— .'o-
e o®
L. g
q_) (=]
o
[
=
= 8_;
_@ o
L.
(=]
E o

o

T T T T T T
1990 2000 2010 2020 2030 2040

Year (t)

Mortality rate (x107%)

T T T T T T
1990 2000 2010 2020 2030 2040

Year (t)



The Performance Evaluation on the General Procedure for Forecasting Mortality 127

decreasing mortality of plan members, and life insurers can protect themselves against
significant increases in the mortality of policyholders. For example, when unexpected
reduction in mortality rate arises, the pension provider can cover the loss owing to the
longevity risk by receiving more funds from the bank,

(Figure 10) A g—forward transaction at Maturity, T

Notional x fixed mortality rate

Party A > PartvB

( fixed rate payer ) < ( fixed rate receiver )

Notional x realized mortality rate

We examine the hedging performance for a hypothetical pension plan containing
one pensioner aged 65. It pays the pensioner $1 at the beginning of each year starting
from a certain age until the pensioner dies or attains age 90. For simplicity, we assume
that there are no other risk sources such as credit, sampling, and basis risk. Then, the

present value of the unexpected cash flows, X, from the plan is given by

X = Vit = BV viapitiva): (5.1
where V4, i the present value of the realized liability, and £ ( VLiability) is the
present value of the best estimated liability. The present value of the unexpected cash
flow from the hedged portfolio, i.e., the liability with additional hedging portfolios, is
written as

X5 = Vit = BV Liaviiey) = MV areage = BV igeage )l (5.2)

where Vg0 is the present value of all payoffs from a hedging instrument(here,
g-forward), and h is the number of units held of the hedging instrument, Hedge
effectiveness is evaluated based on the amount of longevity risk reduction(LRR)
defined by
where o (X) is the standard deviation of portfolio X, A higher value of LRR indicates

better hedge effectiveness. Figure 11 shows the distribution of the two portfolios
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2 *
X

Longevity Risk Reduction(LRR) = 1 — y

o (X)

) (5.3)
obtained by using 5,000 simulation paths. The distribution of the hedged portfolio is
narrower than that of the unhedged one. Here, all cash flows were discounted at a 3%

interest rate. Table 7 presents the results of hedge effectiveness assessment for three

different ages. o,

unhedged ANd Opeqq0q are the standard deviations for the unhedged

and hedged portfolios, respectively, The LRRs are 90% at age 60 and 92% at ages 65
and 70. The hedge ratio h at age 60 is 6.4, implying that the optimal number of
g-forward contracts is 6.4, or rounding to the nearest whole number, 6, The high LRR
values reflect the high hedging effectiveness of g-forwards against mortality risk, As
shown above, mortality rate predictions and their uncertainties play key roles in the
management of mortality risk using q-forwards(as well as other mortality-linked
products such as S-forwards, longevity swaps, and k-forwards), The GP optimally

provides age-specific risk factors for the estimates.

(Table 7) Hedge effectiveness

Age O unhedged Ohedged h LRR
60 0.0912 0.0288 6.4 90%
65 0.158 0.0433 7.2 92%
70 0.239 0.0676 8.8 92%

VI. Concluding Remarks

In this study, we constructed the GP model using mortality data for South Korean
males, The six age/period functions and cohort effects are identified as the key factors
for fitting the data, These factors are also shown in the GP model for the UK mortality
data; however, the UK GP model has another age function for middle-age mortality between ages
55~65(Hunt and Blake, 2014), which reflects different demographic profiles between the two nations,
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(Figure 11) Distributions of the present values of
the hedged and unhedged portfolios
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The key finding of this study is that the GP model consistently outperforms the other
seven models when evaluated based on both in-sample fit tests using the BIC and
out-of-sample fit tests using the MAPE, achieving robustness against parameter
uncertainties,

The analysis on the fluctuations of mortality indexes may be an interesting topic for
future research, Hanewald(2012) and Niu and Melenberg(2013) investigate the
dynamic relationships between the Lee-Carter mortality index and variables such as
leading causes of death, real growth rates, and employment rates, Using the GP
mortality indexes can give more detailed information on mortality dynamics, since they
provide age-specific mortality indexes, unlike the Lee-Carter mortality index which
provides only the overall improvement of mortality rate, Lim et al.(2014) present an
analysis on the trends of leading causes of death for South Korean, which would

usefully serve to investigate the research,
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