VIII - (Asset- Liability Modelling)

- 1988 /
: ( 5 15 )

(projection)

- Greenwich Associates 1990

30%

) (matching)

(asset- liability management; ALM)
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- ALM

Roger Urwin(1991)
54): “models are to be
used and not believed, with the usefulness to the technique being to
provide a disciplined quantitative framework for quantitative

discussions on investment policies".

(projection)

712) & (724 (., )
( €

(1+4y) 671 )).

AL (t+1) = (1+,) x {AL(t) + NC(t) - EB(t)}

54) Roger Urwin, Financial Times, 18 April 1991.

- 202 -



= AL(t) + NC(t) - EB(t) + EI(t), AL(0)

EI(t) = iv x {AL(t) + NC(t) - EB(t)}.

..(8.1)

(8.1) t, t+1
AL(t), AL(t+1)

(linear dynamic liability growth model or linear liability projection

model)
(
8.1)
{ i, Nc@), (L+v)x {AL(t)+ -
z {  AL®)}
EB(1)} NC(t) - EB(t)}
:
l
AL (t)
( 8.1 (linear dynamic growth
system)

, (contral theory)

1 Z (time delay operator)

:Z- AL(t+1) = AL(t)

( 8.1)

(controlling variable) iv, NC(t), EB(t)
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(controlled variable) AL (t)

t+1 AL (t+1)
Fujiki(1994)
iv, NC(t), EB(t)
AL(t)
(7.10), (7.11), (7.23) &
(7.24)
- (X , X=a, at+l, .., r-1)

px AL(t+1, x+1) = (1#.) x [AL(t, X) + NC(t, X)], P = hei/lx
---(82)

- (X , X3, r+l, L)

px AL(t+1, x+1) = (14.) x [AL(t, X) - EB(t, X)], px = b/l

---(83)
( 81 EAM & PUM AL(t), NC(t) & EB(t)
t S(t) ( W (t))
(e B=0 < is=0), S(t) t (e
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t {0, 1 2 .}, S(t) = S, ). , AL(t), NC(t) & EB(t)

t 82) & (83)
d x AL + NC =EB (-~ NC + El = EB) ---(84)
d =i/ (1+v) = (valuation discount rate).
(stationary) , {AL{t) =

AL(0): t=1, 2, 3, ..}.

(84) ,
(real salary inflation rate) = O . AL (),
NC(t) & EB(t) (8.2)
(84)
Trowbridge(1952) , (mature case)
(stationary population), (
) " ,
(84) (equation of maturity)
(equation
of equilibrium) . (84)
(equation of quasi-equilibrium)
8.1 , t, NC({t) + d x AL(t) = EB(t) (= t,
NC(t) + ElI(t) = EB(t)). (74)

. {AL(t) = AL(0): t=1, 2, 3, ..}
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( 8.2) W (t) & (=1+s)

(7.14) & (8.1) (stationary

member ship)
(stable membership) (7.11) & (8.1)
(8 29
, 871

(geometric

growth in membership)

S() , 1

M (t+a-x+1) = (1Hn) X M(t+a-x), X =a, atl, .., r, r+l, ..

Im

(membership growth function) M(@0) = 1

in > -1 M()

t, t+1 W (t), W (t+1)

W) = 3 M@rax)x SOx b
W (t+1) = ;Zlam (t+1+a-x)x SE+1)x |

= (L14is)% (1Him)x 21 M (t+a-x)x S(t) Ix

= (AHs)x (THn)x W),

W) = ;Z]laM (@-x)% S(O)x Ix ---(85)

AL(t) = a%x W (t)
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AL (t+1)

a%x W (t+1)
= a%x & x € x W(t)

(1Hs)x (LHn)x AL (1), AL(0) = a%x W (0) ---(86)

(83

(recursive equation for the net premium reserve)

1 X
8.1)
(Gerber (1995; § 6.3) ):
Px+ X +1Vx = (l‘Hv) X [th + thx - Ox+t X A x], oVx
-87)
Vx = X t (th & Ax
) ;

2 T > 37
: : x >
nWooonoomoom
i >_|<_ X X
-O ~—+
x
+
~+ ~+
[EnY

(8.7)

- 207 -



( 82

) ( (83 )
, EB(t, x)
Ox +tX A x s NC(t, X) 1 x, AL(t, X)
tVx
(AL) (F)

{AL(): t=0, 1, 2, ..}, {F(t): t=0, 1,

2}
(8.1)
(e
)
F(t+1) = (1) x {F(t) + C(t) - B()}
= F(t) + C(t) - B(t) + I(t) , F(0) ---(88)
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i1 = (intervaluation period) (t, t+1)

(ie.iv) ( i
{ia: t =0, 1, 2, ...} iv
(nominal interest rate) (real
interest rate) );
Ft) = t (C(t) & B(t) )
C() = (t, t+1)
B(t) = (t, t+1)
I(t) = i1 x {F(@) + Ct) - B(t)} = (t, t+1)
‘F@E)+C(t)-B(t) > O
(8.8) t, t+1
F(), F(t+1) (linear

dynamic fund growth model or linear fund projection model)

’
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( 81) (

8.2)
{ ¢ i Cc), 7 (I+iea)x {F(t) -
B(t)} + C(t) - B(t)} ‘ Lo
T l
F(t)
( 82 (linear dynamic growth
system): Z (time delay operator)
Z- F(t+1) = F(t).
( 82 ( 81
) t
(controlling variable) i+, C(t), B(t) ,
(controlled variable)
F(t) t+1
F(t+1) . t ,
i1
C(t)
, B(t)
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i1 & B(t)

(8.8)

equation)

(84 (

(equation of quasi-equilibrium)

8.1)

t, Clt) + du x F(t) = B(t) (=

{F(t) = F(0): t=1, 2, 3, ..}.
(8.9)

C(t) I (¢)

(V1 )

2 FO-ALQT,

C(t)

(random variable)

(stochastic recursive

(88)
t, Ct) + 1(t) = B(t)), ths1 = itsdf (1H141)
---(89)
(stationary)
B(t)
AL((t) NC(t)

(matching theory)

. 2 [CO-NCOT,
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, Haynes & Kirton(1952) (absolute matching)
, ot F@t) = AL(t) & C(t) = NC(t)

Lt i =i, B(t) =
EB(t) & AL(0)-F(0)

I
o

, (matching of assets and liabilities)

’

(matching of recommended contributions and standard

contributions)

t, EI{t) + NC(t) = EB(t), I(t) + Ct) = B{t) & UL(0) =0

---(8.10)
, (7.29)
, (benefit solvency) (  {UL()=0,
100% 1 1=0, 1, 2, ...} = 0);
C() NC(t) ['(t) + NC(t) = B(t) ( = 0).

C(t)-NC(t)
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t, 1) = B(t)-C(t)

e i 2 [B()-C(t)] / {FE)+C(t)-B(t)] ( (8.8) ) 9

---(8.11-1)

(8.11- 1)

t, I't) = B(t)-NC(t)

et i 2 [BO-NCU)] /! {FO)+NC(E)-B )] - (8.11-2)
C(t)-NC(t) = 0 i > e ( C(t)-NC(t) < 0
i'e1 < it+1).

(e UL@E) 0 & C(t)

NC(t))
C(t) 6 (i)
(negative correlation) (ie. | C(t) - NC() | | 1) - 1'(t) |
(trade- off effect)
)
(flexibility)
55) ‘CH)t = w1 '
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(8.1) (88)

(scale)

UL (t+1)

AL (t+1) - F(t+1)

(14, )x {AL(t) + NC(t) - EB(t)} - (1+Hw1)x {F(t) + C(t) - B(t)}
= (1+v)x UL(t) + (1+v)x {[NC(t)-C(t)] + [B(t)-EB(t)]}
+ (iv-i2)x [F(t)+C(t)-B(t)], UL (0) (<AL(0)-F(0))

---(8.12)

(8.12) t, t+1
UL (t), UL (t+1)

(linear first-order dynamic growth model)

(Actuarial Gain & Loss Analysis) (7.28)
(7.28)

UL (t+1) - (1+v)x UL (t)

= (14,) x [NC(t)-C@)] + (1+v) x [B@)-EB@®)]} + (v-i1) X
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[F®)+C(t)-B(t)]
= L(t+1)

;(t, t+1)

o (7.29)

. (14 )x UL () =

UL (t+1)

---(8.13)

(actuarial loss)

(actuarial gain)

(t, t+1)

UL (t) t+1

. (14v) x  [NC(t)-C()] =

C(t)

(t, t+1)

NC(t) (t, t+1)

( )

- (14Hv) x [B(t)-EB(t)] =

(t, t+1) B (t)
(t, t+1) EB(t)
)

- (iv-ia) x  [FO)+C@E)-B(t)] =

t+1)

t (F®)+CH)-B()) (t,
(iv) (ic-1)
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( 8.5) (initial unfunded liability)

(plan initiation) (

t=0 , UL(0)=AL(0)-F(0)z O ) (
) (amendments to scheme benefit rules) (
23 34
)« )

(changes in the actuarial assumptions or primary funding
method) ( ; EAM
PUM ). ‘ ’ ( )

( )

)

( 8.6)
( (Revaluation))
( )
( 8.5)
, 3 6
; 5

t t+l1 8§72

t, t+n, t+2n, ... ( n>0 )
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(8.1) (88)
(ratio)

(funding ratio)

(8.14)

(8.8) AL (t+1)

FE+1YAL(t+1) = (1Ho)x {AL (Y AL t+1)}x {F({tYALE)+CEYAL (t)-BEYAL (t)}

o FR(t+1) = (IHe)x {ALEYAL t+1)}x {FR()+CR()-BR()}  --- (8.14)
, FR(t) = [F(YALQ)] = t
FR(0)=F (OY AL (0) ( , tAL®) # 0)
CR(t) = [CGYAL()] = t
BR() = [F(tYAL(®)] = t
(8.14) t, t+1

FR(t), FR(t+1)

(linear first-order dynamic growth model)

. AL@YAL(t+1) (8.6)
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AL@EYAL(t+1) = 1/ [(1+s)x (1+n)].

(8.14) (86)
FR(t+1)
= (LHea ) [(1Hs)x (14in)] x {FR(t) + CR(t) - BR(t)}
= (1+nia) x {FR(t) + CR(t) - BR(t)} FR(0)
---(8.15)
O e, s i, (1+nica)x {FR(t)+ -
z { :FR(@)}
CR(t), BR(t)} CR(t)-BR(t)}
1
!
FR(t)
( 8.3 (linear dynamic growth
system): Z (time delay operator)
: Z- FR(t+1) = FR(t).
( 83) ( 8.2)

(controlling variable)  iw, is, im, CR(t)
(controlled variable) FR(t)

t+1

FR(t+1) . t
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is, im,
(LHea ) [(1Hs)x (1+in)] (net

interest rate over (t, t+1); Nic1), (LHea) [(1Hs)x (1+m)] = 14N,

7. (Supplementary Methods or Methods

of Amortization)

(AD)
(6.3), C(t) = NC(t) + AD(t) Cit) ( 8.1)
NC(t)
AD(t) - AD(t)
VI
AD(t)
(Methods of
Amortization) . , , ( )

(Spread Method; SM)

- 219 -



t , ( (7.24)

) (actuarial surpluses & deficits)

SMAD(t) = ke - UL(t), 0< ki< 1 ---(8.16)

s = t , UL(t-q)
(spread parameter)
Mk, SMAD(t) SMkt
Haberman(1994) "k UL (t-q)

(penal rate of interest)

100%
( 8.7) (8.16) Mk, (boundary value) 0 1
«SM kt = 07
«SM kt = 17 ,
t UL () (accounting
& auditing)
UL (t-q) q =
)- , 'q=0'

(complete information)
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'g>0"' (incomplete information)
q=1
q:

( 8.8) (8.16) Mk,
, 1980

'Pension Scheme Surpluses (Valuation) Regulation 1987

(ie.
F@{YAL(t)) 105% ( )
5
- (tax penalty)
VI K
Mki = Yén(v), m =12, ..0r 5 ,

5 F(t+5)/ AL (t+5) > 105%
( , ,
(scheme sponsor) )
( ,
). , (
1974 ERISA) , 1991
Maxwell (
Maxwell affair) ‘Pension Act 1995
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1997 4 . )
(Minimum Funding Requirement; MFR)
(i.e. F(tYAL(t) < 100%)
( (restoring time limits)
) 5 6 100%
(schedule of contributions) ,

(Occupational Pensions Regulatory Authority)

- K«
Mk = Yéan(v), m =1, 2, ... 6
100%
(cash-injection) (
).
( )
Mk,
( ) |
(ie.
iv) (evenly spreading- out)
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t, SMkt = SMk)

- K (time-invariant spread parameter;

t, ki ="k =1/ & (iv) ---(8.16-1)
m (amortization period or spread period)
56),

m (average
remaining lifetime of the active members) (
m =20 25 ) 57),

( ) I:
(iv)
Mk, (time-varying spread parameter)
t, ki =W(t)/ PVFW (t) 58) ---(8.16-2)
56) v o> 0 , A&(i)  m (strictly
increasing function of m) a@i) = 1& & (@) = Yd Mk
{k:d = Mk < 1.
57) m t UL (t-q)
UL (t-q) &~ (iv) t+m
58)  (8.16-1) & (8.16-2) , '"PVEW () W (t)
&n o (iv)' m(t)
(8.16-1) m (8.16-2)
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PVEW(t) = t

(pensionable payroll)

W(t) = t
(8.16-2) ( ,
)
(Straight-Line Amortization Method) (Fixed-
Percentage Amortization Method)
t , ( (714
) (actuarial surpluses & deficits) 59
(
) -
( )
m(t)
59) PSL
(UL)
(AD)
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( 8.9)
- Rate , EDP . Rate

15 100

M odel . EDP 100

Rate , EDP

8.17)  (8.19)

( 8.11)
Rate ( RSM ):
« . )
1997 4 20% 35%
UL(t)
( ) -
n' ( 8.8)
5 n=1, 2, 3, 4, or 5.

’
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FMAD(t) = **Mkee UL(1), ---(8.17)

, n , 0 < Bk ="Kk = 0= ke £ 035
EDP ( ESM ): RSM
ESMAD(t) = "Mk - UL(t) --- (8.18)
, n , 0< MKk = MK (N(t) or W(t)) = "*Mkt+1

= .=k < 035

, N(t) = t
W(t) = t W (t).
( 8.10) RSM ESM ,
ESM (ie. EDP ) RSM (i.e. Rate )
EDP UL (t)
N (t) W (t)
(ie. ) N (t)

W (1) -

- Rate EDP
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( FPM ):

(. )
1997 4 20% 50%
UL (t)
ESM
- ( )
( UL (t) 0
) n
FPYAD(t) = "™k - UL(t), 0 < "™k < 05 ---(8.19)
, n c ke > ke = (M)’ > > Mkew = (VK
( 8.11)
X Mko= 17 &)
X
(8.17) (8.19) X
- (time value of
money)
( 8.12)
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(e (732-1) & (7.31-2) ),
(e (732
(7.34))

RSM K, & (iv) z

( 8.13) :

H

(contribution holidays)

100%
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( )

(amortization of losses method)

(85) (initial unfunded liability)

t= ,
UL (0). UL (0) 3

UL(0) = "'UL(0)
UL(0) = °°UL(0)
UL(0) = “°UL(0)
UL (0) = "'UL(0), **UL (0) and/or "“°UL (0).
(amortization of losses method; LM):
(ie "MAD(t)) ( )

(actuarial gains (i.e. negative losses) & losses; L (t-j), j= 0)

(i.e. UL(0)) ,

"MAD(t) = PI(t) + PL(t) ---(8.19)
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UL@O)/ &(@v), 0 t< n-1
PI(t) =
0, t> n 60

PI(t) = TZ:L(t-j)/ n (iv) 6,

L(t) = (t-1, t) , ( ) (
§ 85 (8.14) ), L) =0fort< O (e
).
(8. 14)
( )
, UL(0) n

= PI(t) = "'UL(0Y &o((iv) + **UL (0) &so(iv) + “°UL (0¥ &w(iv) = PI
(t; n=30, 30, 10)

, L(t) : m

S PLQ) = TZ:L(t-j)/ 4n(), m =5 = PL(t: m=5)

L(t-]) (t-j-1, t-j)
60) UL (0) n n (
t=n .
61) (t-j-1, t-j) L{t-])
m ) t-j+m
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UL (0)

(ie.m < n).

(minimum  funding

standards) (maximum
limitation on deductible contribution) ERISA
Véwo(iv)

"MAD(t)
Min{PI(t; n=30, 30, 10) + PL (t; m=5), PI(t; n=10, 10, 10) + PL (t; m=10)}
< "MAD(t) <

Max{PI(t; n=30, 30, 10) + PL(t; m=5), PI(t; n=10, 10, 10) + PL(t; m=10)}

'NC(t) + Min ' (bottom limit of C(t)),
'NC(t) + Max ' (top limit of C(t))
(8. 15)
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ERISA
ERISA

(Pension Benefit Guaranty Corperation, PBGC)

(pension insurance premium) , (
). PBGC
PBGC
30%
(
33% PBGC ).
(25) (book reserve
schemes) (insolvency insurance)

(minimum funding requirements)

PBGC

F(tYAL (1))
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C(t)

C(t)

8.13)
(underfunding)

Owadally (1995)

UL (0)
( , 100%

funding) ):
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(

(e FEYAL())

(fullfunding)
).

(faster pace of



(i.e. FQYAL())

);
C(t) (smoother & more
gradual funding patterns)
( ) <
( )
( ( 7.22)
C(t)
).
62) :
CYAD(t) = PI(t) + [UL(t) - Ut)] / &n(iv) ---(8.20)
PI(t) (7.35) PI(t)

UL©) [ & (i) / &), 0< t< n-1
u(t) =
0, t

v
=]

62) Owadally 1997 City University (in London)
‘Amortizing Initial Unfunded Liability and
Spreading Subsequent Surpluses/ Deficits’ (
Owadally Method( OoM) ).



( ,U) t UL (0)

).
(7.36) . PL(t)
, UL (t)/ &n (iv) (,
U (t) & (iv)
( 816 ( 812
(
).
12 12 (
) (.
)
( oM
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Vil

Flow- Chart
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Flow - Chart

n : (cash-flow projection)
Inflows {C(t), I(t)}
Outflows {B(t), (E(t))}
Inflows {NC(t), EI(t)}
Outflows {EB(t)}

(ALM )
1
2. o
(
stochastic or deterministic)
(time- horizon for projection)
o ( )
) (timing) (
)

! (feed back) 1t
3.
€ (7.20)) |« |( ; (7.27))
- deterministic or stochastic approaches - deterministic or stochastic approaches
! (feed back) 1t
4.
(; | (7.28) & Il (7.30))
- deterministic or stochastic approaches
! (feed back) 1t
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( ) ( ; F(t) =AL({t), 100%
) and/or ( ; C{) = NC(t)) -
and/ or N
, (s
(5.2), (53)) -
l (feed back) 1
6.
( - S{l@): =0, 1, 2, ..}
): {C(t): t=0, 1, 2, ...} e
l (feed back) 1t
7. Updating:
(
2 6 )
O 1
(risk & reward) :
( )
- ( )




ALM -

and/ or

(optimal strategies)
(best strategies) ( )
(ad- hoc method)
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